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Summary. Many traits of interest to animal breeders can
be expressed as ratios. Yet there remains no uniquely
agreed upon method for the genetic evaluation for ratio
traits. To generalize, livestock breeders make direct use of
ratios (e.g., feed/gain) or linear approximations to ratios.
Dairy breeders, on the other hand, tend to use ratios of
linear predictors of genetic merit for the evaluation of
ratio traits (e.g., fat percent). In the present note, we
demonstrate that the two methods are nearly, though not
exactly, identical. The proof relies on the expression of
the approximate correlation between two ratios.
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Introduction

Many of the theoretical and statistical techniques devel-
oped by animal breeders focus on linear predictors ap-
plied to normally distributed phenotypes. The emphasis
on normality is justified by the abundance of traits which
fit this distribution. The emphasis on linear predictors
centers around simplicity of computation. Notwithstand-
ing this traditional approach, not all traits are normally
distributed or suited to linear predictors. One such class
of traits is that set commonly defined as ratios. One of the
most important of these traits is feed efficiency, the ratio
of body weight gain to feed consumption. Other examples
of ratio traits are percent milk fat, percent milk protein,
or percent retail cuts.

Surprisingly, there is no consensus among animal
breeders on how animals should be evaluated for ratio
traits. For example, dairy bulls are evaluated for milk fat
percent (PDF %) by taking the ratio of one-half of their
estimated additive genetic value for pounds of fat (PDF)
to one-half of their estimated additive genetic value

for pounds of milk (PDM [ie, PDF% =(ur+ PDF)/
U+ PDM), where yp and p,, are the breed means for fat
and milk; e.g., Wiggans et al. 1988]. However, Lin (1980)
advocates the use of a linear approximation of the ratio
of two traits (see also Gunsett 1984). Other suggestions
have been put forward by Clark and Touchberry (1962),
Arboleda et al. (1976), and by Eisen (1977), but none has
been as effective as the linear approximation (Lin 1980).

The objective of this paper is to compare two alterna-
tives for the improvement of ratio traits. These two alter-
natives are: (1) the use of a linear approximation, and (2)
the ratio of linearly predicted genetic values. Both meth-
ods have been applied to livestock breeding. In effect,
dairy breeders, in their evaluation of PDF %, have taken
a path different from livestock breeders in their evalua-
tion of feed efficiency. The question that remains is which
of the two strategies offers the most effective means of
genetic improvement.

Materials and methods
Notation

Consider a set of unrelated candidates for selection, each with
two phenotypes x, and x,. For example x, could be some
measure of body weight gain and x, feed intake. The selection
objective may be the genetic improvement of feed efficiency. Let
a simple model for each phenotype be

Xp=pyta;te;

Xy =l ta;te, 4y
where Efx,]=p1,, E[x,]=p,, Ela,]=E[1,]=0, E[e,]=E[e,] =0
and
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a, and a, can be considered the additive genetic values for traits
1 and 2. Accordingly, ¥ represents the phenotypic covariance
matrix and G the additive genetic covariance matrix. The objec-
tive of the breeding program is, therefore, to improve (4, +4,)/
{4y +as).

Linear approximation

A more thorough derivation of the linear index is available in
Lin (1980). The purpose here is to identify this index in the
notation of model (1). Specifically, the objective of this index is
to predict T =(u, +a,)/(u, +a,) with a linear function of x, i.e.,
b, x where b satisfies

Vb =Gh 3
for B =[1—p,/u,]. Using a different approach, Gunsett (1984)
arrived at the same index. The vector k can be thought of as a
vector similar to net economic values. However, the values
derived are intended to approximate a ratio in the form of a
linear index. Accordingly, canditates for selection are chosen on
the index; I; =b; x=HF G V' x. The subscript ‘L’ is intended
to denote this as the Lin (1980) index.

Ratio of two linear indices

As cited above, other investigators evaluate ratio traits by taking
the ratio of two linear indices. To present this, consider reparame-
terizing G as two column vectors:

G=[g,:9,] (4)
Best linear predictors of a, and a, may be derived as

A, =bp, x=g, V"' x

Qy=bp, x=g, V' x )
Accordingly, candidates for selection are chosen on the index:

Iy =(uy +4d,)/(u, +4,). The subscript ‘R’ is intended to denote
this as the ratio of two linear indices, as distinct from I .

Example

Table 1 presents a hypothetical data set of ten individuals scored
for two traits, x, and x,. Also included in Table 1 are values for
I, and I and the rank of each individual. Indices were computed
with the following parameters, taken from Davis (1987):

m=19  [235 s8]
4=790 =08 a708| *°

106 337
6= [337 1854]'
The linear approximation index is of the form I, =0.3068,

x,—0.0788 x,. Predictions of a, and a, via the usual selection
index are

d4,=03728 x,+0.0308 x,
4,=02743 x,+0.4558 x,

and are used in the index Ig=(u, +4a,)/(n,+4,). The observa-
tion most noteworthy in Table 1 is the change of rank between
animals E and F under the two indices. The conclusion from this
small hypothetical example is that indices I; and I are not
identical. Determining which of the two maximizes the genetic
change in (i, +a,)/(#, +a,) is the next objective.

Results

We begin with the assumption that the objective of each
index is to serve as a selection aid in the improvement of

Table 1. Example data set of ten animals evaluated with a linear
approximation index (I ) and the ratio of two linear indices

(To)*

Animal X, X, I, (rank) Iy x 100 (rank)
A 223 761 1241 (1) 25.630 (1)
B 208 750 8.68 (2)  25.168 (2)
C 188 761 1.67 3) 24266 (3)
D 199 834 —0.71 4 23963 (4)
E 17 781 =512 (5 23.394 (6)
F 176 801 —5.16 (6) 23.398 (5)
G 180 832 —-6.38 (7) 23.259 (1)
H 144 756 —11.43 (8) 22550 (9)
I 162 833 —11.98 (9) 22.557 (8)
J 143 817 —16.55 (10) 21.954 (10)

* Phenotypic and genetic parameters taken from Davis (1987)

T =(u;+a;)/(i,+a,). When phenotypes and breeding
values are jointly, normally distributed, change in T can
be predicted from the expression

Te Cov(T, I) D ©)

[Var (D))"

where [ is the criterion for truncation selection and D
represents the intensity of selection. Values for D may be
found in many texts (Van Vleck 1983; Falconer 1989).

Our objective is to determine which of the two in-
dices, Iy or I , leads to greater response in T. Given that
neither I nor T is normally distributed, Eq. (6) is not
suitable. Nevertheless, we should be able to evaluate
which of the indices will yield the greater selection re-
sponse by evaluating the correlation between T and each
index. Intuitively, this seems a logical approach to evalu-
ating which index will result in the greater response to
selection. Thus, to evaluate which index is most efficient
we direct our attention to the correlation between each
index and T=(u, +a,)/(u,+a,).

Using Egs. (3), (4), and (5), one can define

b =hy byi+h, bR2=bR1—ﬂbR2' ®)
2
This result is helpful in the evaluation of r;.

To approximate rp; requires a result of Pearson (1897)
for the approximate correlation between two ratios. This
expression has been cited by Sutherland (1965) and Gun-
sett (1984), as well as in a variety of other references on
selection for ratio traits. As a point of reference, the Pear-
son (1897) approximation to the correlation of two ratios,
e.g., X;/Xx5 and x,/x, is

F1a Uy Uy —Ti14 U3 Uy —To3 Uy Uy +73, U3 Uy
2, .2 12,2 .2 172
(Vi +03—273 0, 03)% (U3 +05~2724 0, Uy)

&)

where 7;; is the correlation between variables x,; and x;
and v; is the coefficient of variation for variable i (o,/u;).



With a bit of algebra, and making use of Egs. (8) and
(9) one can show that for T=(u, +a,)/(u,+a,)

Frig =11y,
and
P, = 1.0.

It should be noted that although the algebra indicates a
strict equality in the correlation of the indices with the
true value, our example shows this to be untrue for all
situations. Obviously, Eq. (9) is only an approximation of
the correlation between ratios. Thus, as the example illus-
trates, the correlation between I and I, cannot be iden-
tically equal to 1.0. Rather, because I and I, differ in the
manner in which they rank candidates for selection
(Table 1), evaluation of »;; shows they are nearly, though
not strictly, identical. Evidently, the two indices are close
enough that the approximate correlation of Pearson
(1897) cannot distinguish between the two. This dichoto-
my, between the algebraic results and the example, can
only be explained by a failure of Eq. (9) to exactly define
the correlation of two ratios.

Discussion

Given that I and I can lead to different rankings of
candidates for selection, their approximate equality is an
unexpected result. So, too is their equal correlation to the
trait to be improved, T =(u, +a,)/(u, +a,). This incon-
sistency is due to the approximation of the true correla-
tion of the ratios. Logic dictates that, because individuals
can rank differently, one index must be superior to the
other in producing genetic change. Yet Pearson’s (1897)
approximation is not sensitive enough to reveal this dif-
ference. No doubt the difference in response to using I
or I, must be small. However, it should be detectable. A
small simulation reveals just this result.

The following parameter values, taken from Jara-
Almonte and White (1973), were used to generate data on
two traits x; and x,:

REAEEL . p_[38s54 7101
x, | [15625] | 71191 146.0642
and
038608 21311
T | 24311 202836 |°

Gentoypic and environmental values for both traits were
generated from pseudo-normal random deviates for 40
unrelated individuals. The objective, as in the example
cited in Table 1, is to improve the genetic ratio, (u; +a,)/
(u,+a,), using the linear approximation index I, the
ratio of linear indices Iy, or direct selection on x,/x,. Of
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Table 2. Mean genotypic values for traits 1 and 2 after selection
on a linear approximation (7, ), ratio of linear indices (/z) and
direct selection on x, /x,

Genera- Trait Selection on Direct
tion selection
I Iy

1 1 0.000846 0.000846 0.000846
1 2 0.000896 0.000896 0.000896
2 1 0.374799 0.373546 0.265750
2 2 0.398327 0.391104  —0.268042
Mean change in ratio  0.002062 0.002060 0.001919

the 40 individuals, the top 15 are selected based on I, , I,
or x,/x,. Of the 15, 5 are chosen at random to be males,
and each is mated at random to 2 of the remaining 10
females. Each mating yields 4 offspring, for a total of 40
individuals in the second generation. This process is re-
peated for 10,000 data sets of 80 individuals each.

The same random “seed” is used to generate the first
generation of each set of data. Thus, the first 40 individ-
vals in each of the 10,000 data sets have the same geno-
types and phenotypes. In this way, one can directly com-
pare the second generation values generated from
selection on I, Iy, or x, /x,, since each first generation
was evaluated on precisely the same data. Obviously,
because different individuals may have been selected as
parents, the second generation phenotypes and geno-
types should be different in each set of data.

This result is shown in Table 2, although it is impor-
tant to note that the second generation means of the
genotypes of traits 1 and 2 are nearly, though not exactly,
equal. The indication is that these two methods are sim-
ilar, but not identical, as the approximate correlation
suggests. Practically the two indices are identical. After
all, the progress in generation 2 from selection on I, is
greater than the progress with Iy by only 0.00002. Such
differences would not be detectable in any field applica-
tion of these methods. In both instances, I; and I are
superior to selection on the phenotypic ratio. This expect-
ed result was first presented by Lin (1980).

The relative changes in the two traits from one gener-
ation to the next should also be noted. That is, the re-
spounse to selection is greater in trait 2 (the denominator)
than for trait 1, regardless of the fact that trait 1 has a
higher heritability. The recent simulation results of Essl
(1989) confirm this as a result to be expected.

The difference between these two strategies, however
small, does present a result quite different from that of the
prediction of quadratic merit (Wilton et al. 1968). The
basic difference between I, and I is that I, attempts to
predict the ratio directly, whereas Iy is based on predic-
tion of the numerator and denominator separately. The
two pieces are then brought together in the final index.
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For the prediction of quadratic merit, these two proce-
dures yield the same result. That is, predicting a quadratic
function directly is equivalent to predicting each term
separately and substituting these values into the quadrat-
ic function. However, this result is peculiar to quadratic
models and not to cubic functions of genetic merit (Mao
1969). The same is evidently true for the nonlinear func-
tion discussed in this report, ratios.

If we accept that the two indices are equal, we may yet
ask, which is to be recommended? A decision may then
be based on ease of computation or interpretation. If
these are the criteria, one would favor I. This is partic-
ularly true in the more realistic situation, where the phe-
notypic means are unknown and may vary with sex, sea-
son, herd, or age. Because the means may be added to the
index rather than be incorporated into the index (as in
I,), I offers greater flexibility. Although the simulation
considers only one set of parameters, the approximate
correlation results should be consistent across all forms
of the phenotypic means and Vand G.
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